The pore and pore-throat sizes of shale and tight rock formations are on the order of tens of nanometers. The fluid flow in such small pores is significantly affected by walls of pores and pore-throats. This boundary layer effect on fluid flow in tight rocks has been investigated through laboratory work on capillary tubes. It is observed that low permeability is associated with large boundary layer effect on fluid flow. The experimental results from a single capillary tube are extended to a bundle of tubes and finally to porous media of tight formations. A physics-based, non-Darcy low-velocity flow equation is derived to account for the boundary layer effect of tight reservoirs by adding a non-Darcy coefficient term. This non-Darcy equation describes the fluid flow more accurately for tight oil reservoir with low production rate and low pressure gradient. Both analytical and numerical solutions are obtained for the new non-Darcy flow model. First, a Buckley-Leverett-type analytical solution is derived with this non-Darcy flow equation. Then, a numerical model has been developed for implementing this non-Darcy flow model for accurate simulation of multidimensional porous and fractured tight oil reservoirs. Finally, the numerical studies on an actual field example in China demonstrate the non-negligible effect of boundary layer on fluid flow in tight formations.
Introduction
Darcy's law (Darcy 1856 ) is the exclusive formulation to model subsurface fluid flow in oil and gas reservoirs; it describes a linear relationship between volumetric flow rate (Darcy velocity) and pressure gradient. It is also the fundamental principle for many other applications in oil and gas industry, especially in the areas of well testing analysis and reservoir simulation (Ahmed and McKinney 2011; Aziz and Settari 1979) . On the other hand, Darcy's law is only valid for laminar and viscous flow (Ahmed 2006) , and any deviations from this linear relation can be defined as non-Darcy flow. It has long been recognized that non-Darcy flow phenomena could exist in many systems involving high flow rate, e.g., CO 2 sequestration (Zhang et al. 2014) and Enhanced Oil Recovery (EOR) system (Wu et al. 2010) , and enhanced geothermal system Xiong et al. 2013) . For example, Forchheimer (1901) extended Darcy's linear form to a quadratic flow equation, and eventually added an additional cubic term to formulate flow at high flow rate in porous media. In addition, many efforts have been added to improve Forchheimer model for fitting larger range of fluid flow with high flow rate (Carman 1997; Ergun 1952; Montillet 2004 ) and extend it to multiphase conditions (Evans and Evans 1988; Evans et al. 1987 ). Barree and Conway (2004) proposed a new high-velocity non-Darcy flow model based on experimental results and field observation. It is more general than Forchheimer model since it does not rely on the assumption of a constant permeability. Both of the two non-Darcy flow models, Forchheimer and Barree and Conway, have been widely applied to the numerical studies in oil and gas reservoirs (Xiong 2015) , CO 2 sequestration and EOR under high flow rate.
In addition to extensive investigations on high-velocity non-Darcy flow, the nonlinear relationship between volumetric flow rate and pressure gradient is also observed and studied for low-velocity fluid flows. For example, Prada and Civan (1999) introduced the concept of threshold pressure gradient to correct Darcy's law for low-velocity flow where fluids can flow through porous media only if the fluid flowing force is sufficient to overcome the threshold pressure gradient, and they recommend further research to improve correlations of the threshold pressure gradient. Civan (2008) also derived the condition of threshold pressure gradient at which the fluid can flow with a generalized Darcy's law by control volume analysis due to intricate complexity of porous media averaging method (Civan 2002) . Gavin (2004) calls the departure from Darcy's law at low fluid velocities as "Pre-Darcy behavior" in petroleum reservoirs and claims that there could be substantial unrecognized opportunities for increasing hydrocarbon recovery. Zeng et al. (2011) designed the experimental equipment to investigate single-phase flow in ultra-low-permeability cores, using capillary flow meter to achieve accurate measurement of fluid volume. Their results confirm that the singlephase flow in ultra-low-permeability cores is not consistent with Darcy's Law. Liu et al. (2015) proposed a phenomenological model for non-Darcy liquid flow in shale and develop an analytical solution to one-dimensional spontaneous imbibition problem that obeys the model. In addition, the low-velocity non-Darcy phenomena are also intensively studied in non-petroleum disciplines. Hansbo (1960 Hansbo ( , 2001 ) reported a power function between flux and pressure gradient for water flow in low-permeability clay soil under small values of pressure gradient, which becomes linear if pressure gradient becomes larger. Civan (2013) provided a rigorous derivation of a power-law function based on an empirical gradient law in spontaneous transport in porous media. Swartzendruber (1962) proposed to modify the linear relationship of Darcy's law to an exponential function for water flow in tight soil. Liu (2014) indicated that non-Darcy flow behavior is common in low-permeability media through reviewing studies on water flow in shale formations under the context of nuclear waste disposal.
In this paper, we study non-Darcy flow in low-permeability reservoir through experiments, theoretical analysis, and numerical simulation. The next section presents our experimental results from a single capillary tube, which shows the effect of a boundary layer of fluid in capillary tube on flow behavior. The results from a single capillary tube are then extended to multiple tubes and to multiphase flow in a porous medium. Our empirical formulation from experimental data is a continuous function including both Darcy and non-Darcy flows, and a numerical model has been developed to capture this experiment-based non-Darcy fluid behavior. Finally, we perform a field study with this numerical model for a multi-stage hydraulic fracturing well in a tight oil reservoir.
Experimental Results
Researchers have realized that fluid flow in a very small capillary tube consists of body flow and boundary flow through experimental study and theoretical analysis (Huang et al. 2013; Jiang et al. 2011; Xu and Yue 2007) . The body flow is the fluid flow not affected by tube wall, and boundary flow is the portion of fluid under the effect of tube wall. The smaller of capillary tube, the larger of boundary flow relatively.
The experiment is performed on a single capillary tube with radius r and the thickness of boundary flow δ shown in Fig. 1a . The experimental method and setup is the same as the work of Xu and Yue (2007) but performed independently, where the thickness of boundary flow is calculated from measured flow rate and pressure gradient along the tube, which is filled with deionized water (see "Appendix" for detailed experimental setup). Our experimental results show an exponential function between the thickness of boundary flow and pressure gradient, described in Eq. (1).
where δ 0 is thickness of static (maximum) boundary flow. We define dimensionless boundary layer as ratio of static boundary layer over tube radius, δ D = δ 0 /r . We also introduce a coefficient c, which is a regression parameter to match exponential function. The flow rate then can be derived from Eq. (1) 
Again, c and δ D of Eq. (2) are two parameters determined from experiment results, where δ D is determined by indirectly measuring the thickness of static boundary δ 0 , which is the thickness of boundary layer at minimum pressure gradient. In other words, static boundary δ 0 does not increase anymore as pressure gradient further decrease; c is determined by constructing exponential curve between pressure gradient and corresponding thickness of boundary flow, and c is the exponential coefficient as in Eq. (1). We performed an experiment in a capillary tube with 2.5 µm radius, and the results show a good agreement with Eq. (2) with the determined c and δ D values, shown in Fig. 2a . Figure 2b plots the extent of nonlinearity with different c values. A smaller c value gives larger extent of nonlinearity and an infinity value of c essentially gives a linear function.
The single tube experiment-based nonlinear function Eq. (2) can be extended to flow through multiple tubes:
According to Hagen-Poiseuille Equation, the equivalent form of Eq. (4) for a porous medium can be written as
where k and μ are absolute permeability and fluid viscosity. Equation (5) (5) is that it is a continuous function describing both Darcy and Equation (5) can be further extended to multiphase flow through two-phase experiments, which indirectly measure static dimensionless boundary layer by assuming different phases (water or oil) occupy boundary layer under a variety of permeability and water fractional flow. Table 1 summarizes the values of dimensionless boundary layer from two-phase experiments. It shows that δ D could be different at certain water fractional flow and depends on which phase is treated as boundary fluid. But the difference is quite small for low-permeability rock, and the average values for oil and water phases are actually almost same at different water fractional flows. Therefore, the static boundary layer is only function of permeability and phase independent. The lower permeability rock has a larger value of δ D ; it is physically sound because the lower permeability leads to a smaller flow portion of fluid and relative thicker static boundary layer. Therefore, Eq. (5) can have the multiphase version as Eq. (6).
where β can be either water or oil phase. Parameter c describes the degree of nonlinearity between flow rate and pressure gradient, and it is related to both flowing fluid and properties of porous media, such as wettability and pore structures.
Analytical Solutions
This section presents the Buckley-Leverett analytical solution (Buckley and Leverett 1942) with gravity effect in porous media in order to obtain some insight into the physics behind two-phase immiscible displacement under this low-velocity non-Darcy flow model. Here, this analytical solution is used to study the oil displacement by water through water injection to vertical column at the top inlet. The vertical column is a homogenous porous medium with initial oil saturation 0.8 and residual water saturation 0.2. Other rock properties for the vertical column are listed in Table 2 . The flow rate of 1D flow with gravity has the following equations for water and oil according to Eq. (6).
Buckley-Leverett problem ignores fluid compressibility and capillary pressure. Thus, a governing equation can be written:
where q t is constant total injection rate and q w and q o are flow rates of water and oil, respectively. Plugging Eqs. (7) and (8) into Eq. (9), we obtain an Equation with one unknown dP/dx for a given Sw. Wu (2001) used the similar method to derive Buckley-Leverett solution for Forchheimer non-Darcy flow and proves the pressure gradient and the saturation are interdependent on each other. In other words, Eq. (9) can be solved for dP/dx with iterative method for a given S w , and therefore q w and q o can be calculated.
The water fractional flow then can be obtained as below and corresponding fractional flow curve can be plotted.
The steps to calculate Buckley-Leverett analytical solution are summarized:
• Plug all data to Eq. (9)
• Solve dP/dx with iterative method (Bi-section is enough because Eq. (9) is monotonic in terms of dP/dx) • Plug solved dP/dx to Eq. (8) to solve q w • Calculate f w • Repeat above steps for another S w and finally build fractional flow curve f w = f w (S w ) Once the fractional flow curve is built, its derivatives can be calculated and thus the saturation profile can be obtained:
The non-Darcy parameter in Eq. (6), dimensionless boundary layer δ D , is studied by construct a variety of analytical solutions with different values of δ D . Figures 3 and 4 show the results with constant c φ (c φ_water= 10.1c φ_oil= 2.1) but varied dimensionless boundary layer δ D . Figure 3 presents the fractional flow and their derivatives with a variety of dimensionless boundary layer; Fig. 4a plots pressure gradient as function of water saturation for maintaining the constant water injection rate; Fig. 4b shows the saturation profile along rock column direction after 100 days water injection. Figure 4a shows that a larger pressure gradient is required to maintain the given water injection rate and flow rate in the case of a larger dimensionless boundary layer; it can be explained that a larger dimensionless boundary layer results in a smaller portion of flowable fluids (or a larger portion of non-flowable fluids) in a porous medium, and thus a larger drive force is necessary. Figure 4b presents that water (wet) phase front moves further after same period of water injection with a larger dimensionless boundary layer, but it has less water saturation in the places before water front.
Numerical Model
A numerical model has been developed based on Eq. (6) and implemented into an existing black oil reservoir simulator MSFLOW (Wu 1998) . MSFLOW is a numerical reservoir simulator for modeling three-phase flow of oil, gas, and water in multidimensional porous and fractured reservoirs. The numerical discretization technique used in the MSFLOW code is the integral finite difference method (Narasimhan and Witherspoon 1976; Pruess 1991) . The numerical implementation in this paper takes advantages of existing numerical framework of MSFLOW and only modified the flow term according to this new non-Darcy multiphase flow equation. The discrete nonlinear equations of grid block i then can be written: For gas flow:
For water flow:
(14) Different from conventional black oil model, non-Darcy coefficients are introduced in above flow equations. For gas flow, non-Darcy coefficient of oil phase is added to flow term of dissolved gas. The non-Darcy coefficient of oil and water phase then can be written as:
In above equations, ρ β is the density of phase β at reservoir condition; ρ o is the density of oil excluding dissolved gas and ρ dg is the density of dissolved gas in oil phase both at reservoir conditions. φ is the effective porosity of formation; α β , S β , ψ β , Q β is the mobility, saturation, potential and flow rate of phase β, where mobility and potential are defined:
The subscripts i, j represent grid blocks, and Υ i j is the transmissibility between i and j defined as:
And subscript i j + 1/2 represents the connection between two grid blocks; superscript n + 1 stands for current time step. All variables are evaluated fully implicitly. Above discretized equations can be written with residual forms, and Newton-Raphson method is used to solve the residual equation system. The developed numerical model can be generally applied to tight oil reservoirs to study boundary layer-induced non-Darcy effect. The numerical model is also validated against analytical solution for a Buckley-Leverett problem including gravity effect.
Validation of Numerical Model
A Buckley-Leverett problem including gravity effect is solved with the developed numerical model, and an analytical solution is derived by above method. The rock and fluid parameters in Table 2 are used to get the fractional flow curve (analytical solution) and the numerical results. Table 3 lists the non-Darcy parameters in the validation example.
The simulation domain is a 1D vertical rock column with 200 m by a uniform blockcentered grid consisting of 100 elements. The water is injected at top and a constant pressure is described at 1 bar on the bottom boundary as shown in Fig. 5a . With the input data in Tables 2 and 3 , a comparison of water saturation profiles at 100 days of injection, predicted by numerical code and analytical solution, is shown in Fig. 5b . The numerical and analytical results are in good agreement. 
Field Study
This section presents a field example studied with the developed numerical model, which mainly address a multi-stage hydraulic fractured well in a tight oil reservoir. In addition to non-Darcy flow, we also approximately include the rock compaction effect by including pore-pressure-dependent porosity and transmissibility multiplier.
Reservoir and Well Description
The reservoir and well data are taken from a real tight oil reservoir in China with properties of rock and fluid shown in Table 4 . The entire simulation is above bubble point pressure without gas phase. The water-oil two-phase relative permeability and capillary pressure data shown in Table 5 are used for the simulation. As mentioned above, the porosity and transmissibility are functions of pore pressures due to rock compaction. The correlations between multipliers and pore pressure shown in Table 6 are inputted to the simulation; and table 7 lists the PVT properties used in the simulation. The non-Darcy flow parameters used in this field case are included in Table 8 . The simulation domain has a length of 1894 m (x), width of 904 m (y) and thickness of 13 m (z) and is divided into 104 × 47 × 5 with total number of 24,440 grid blocks. There are 12 stages hydraulic fractures for this horizontal well. The size of a general grid block is 20 m, while the fracture node is 2 m. Figure 6 shows the mesh of simulation domain, and Fig. 7 demonstrates the lengths of 12 hydraulic fractures in x-y plane.
Simulation Results and Discussion
With above reservoir properties and simulation input, the numerical model is ready to run by setting proper production mechanism. The production is controlled with constant wellbore pressure 8.2 MPa, which is above bubble point pressure 8.0 MPa, to maintain water and oil two-phase flow production. Two simulation runs, Darcy fluid flow and non-Darcy fluid flow, are performed and compared to demonstrate the non-Darcy effect on the productions. Table 9 summarizes the comparison of critical values of the two simulation runs. The main difference is that Darcy model gives more accumulated production, because the non-Darcy Hydraulic Fracture   Fig. 6 Grid blocks of simulation domain Fig. 7 The length and shape of 12 stages of hydraulic fractures coefficient reduces production rate. Accordingly, non-Darcy model has higher reservoir pressure. Figures 8 and 9 present the accumulated production and volumetric reservoir pressure throughout the simulation, respectively.
From Figs. 8 and 9, it is shown that the simulation results of the two models overlap at the beginning because the non-Darcy flow model is equivalent with Darcy flow at high pressure gradient. After about 10 years' simulation, the non-Darcy flow presents different behaviors from Darcy flow due to larger value of non-Darcy coefficient at low pressure gradient. In other words, the low-velocity non-Darcy effect is non-negligible at the middle and end phases of field production, when the pressure gradient becomes small.
Figures 10, 11, and12 present a variety of comparisons of contour diagram under Darcy and non-Darcy fluid flow at the end of 70-year production. Although the water and oil saturations are very close in the two models, the saturation close to the fractures shows larger differences that Darcy model has much lower oil saturation and higher water saturation; this is because the areas close to hydraulic fractures have small pressure gradient and therefore show larger non-Darcy effect. The reservoir pressure, shown in Fig. 12 , has similar pattern in the two models. The pressure close to fractures is much lower than in other areas, and the non-Darcy model shows a general higher reservoir pressure than Darcy model due to less surface production. This field example has reservoir permeability at 1.1 mD; we expect a much higher nonDarcy effect in a tighter oil reservoir with even lower permeability. For example, three major tight formations in U.S. Bakken, Eagle Ford and Permian, usually have matrix permeability ranging from 10 −5 md to 10 −3 md (Wang et al. 2015; Xiong 2015) ; therefore, non-Darcy effect, induced by boundary layer of flow, could be significantly larger than the field study example above.
Conclusions
This paper presents an experiment-based non-Darcy fluid model for low-velocity flow in tight rock reservoirs. We observe a pressure gradient-dependent boundary layer for the flow in a small capillary tube, further derive a single-phase non- • Analytical solutions show that this low-velocity non-Darcy flow model adversely affects the production performance (larger pressure gradient is required to achieve same flow rate) due to the boundary layer of non-flowable fluids in a tight porous medium.
• The non-Darcy flow model has same simulation results as Darcy flow at the early of production due to negligible non-Darcy coefficient under large pressure gradient. On the other hand, the non-Darcy flow behaviors are more obvious at the end of production due to large non-Darcy coefficients under low pressure gradient.
• The Darcy flow model gives about 5% larger accumulated production of oil and gas, while non-Darcy flow model has about 10% higher reservoir pressure at end of 70 years' simulation for the reservoir with 1.1 mD permeability. We expect a much larger non-Darcy effect on production for a typical tight oil reservoir in USA with matrix permeability at 10 −5 to 10 −3 mD.
• A larger decrease in transmissibility occurs in Darcy than in non-Darcy flow due to 10% lower reservoir pressure. Thus, Darcy flow could present higher accumulated production than the simulated results if there is no compaction (transmissibility multiplier) effect included. In the other words, compaction effect weakens the production difference between Darcy and non-Darcy flow models.
• The field example shows that two-phase production accounts for only 10% recovery of oil in place; three-phase simulation is required to study the ultimate recovery. Therefore, further study on boundary-induced non-Darcy effect is recommended for three-phase coexisting fluid system.
Appendix: Experimental Setup and Procedure
The experimental method and setup is the same as the work of Xu and Yue (2007) , and the experimental apparatus is shown in Fig. 13 . Xu and Yue (2007) It consists of three parts, driving force system, filtering system and measurement system. They are separated by the dash lines in the sketch of experimental setup as shown in Fig. 13 . Pressurized nitrogen gas is used as the driving force. It is filtered in the gas filtering system and reaches to liquid tank to drive the deionized water in the tank. The moving deionized water is also filtered and reaches to the small capillary tube. The flow rate of capillary tube is measured by observing the change of liquid level in liquid measurement tube and recording the corresponding time. The liquid level is magnified with microscope and transferred to the graphic display in the computer. With the measured flow rate and pressure gradient along the tube, the thickness of boundary flow can be calculated.
